
� �������	��
�� 


��������� � ����� ������� � ! ��� "�# $%����&�'
&�����#(� ���)#�* #("��)����� �+�������

,.-0/ 132046587:9<;=20>8><?@><2BA@C	9@DFE@9�C	9G7H?@IB2J;=K
LNMPORQSMTQSU0VXWYQ[Z�WYQ\Q^]`_6VXa^bYcdM�b@VXWeWYQ\f�QSUgbeh[VXiBQkj6VXUga^blVXWebmf�QSbnfobqprQSUBQSMsigbntuc�f�QSWeWebmfobwvT_TxBx0c
MTcdMyj:c[xBx0cdMTcuQ^xBxBQSUBQzUgbYxBcdWeiBQ{j:QSU@h�blVuVXM6VXWebeigbY|}Vo~�L�Mo��VXigigb�ZTxBcdWYc\VXWY|S_�MTQ{xBcdWe_�a^bYcdM�b<VXM6V��
WebeigbY|0�TQ�jHQSU�vT_Tx0xgb�tucdWeiBc�xBQSt�j�WebY|Sb�xBcdMTc�MTcdiBQ[~��<QSU{UgbYxBcdWehRQSUBQ�]`_TQ^xgiBQ�Q^]s_6VXa^bYcdM�b�MTQSb
|}VdxBb8j�be��ORQSMTQSU0VXWeb<c�|^|^cdUgUBQ	_�igbeWebea^a�VXUBQ	tuQSiBc`fobGfob<x0cdWe_�a^bYcdMTQ�fob<igbej:c\Ms_�tuQSUgbY|^c�~z����Q��
WYQStuQSM`iBcy|0��blV^hRQ�|0�TQuxgi0V�VXWeWlVk�6VdxBQ�fob�|SblVdxB|S_�M�tuQSiBc`f�c�Ms_�tuQSUgbY|^cy��beWwj�UBc`|^Q^xBx0ckfob
fobYx0|SUBQSigbea^a�VXa^bYcdMTQ[~�LNWrj�UBcd��WYQSt�VucdUgbeO[beM6VXWYQ[Z=|B�TQ.|^cdMTxBbYxgiBQ�MTQSWrigUBc}h[VXUBQ{_�M6Vuc�j�be����_�Mo�
a^bYcdM�b8xBcdWe_�a^bYcdMTQ.f�QSW�j�UBcd��WYQSt�V�fobqpHQSUBQSM�a^blVXWYQ[Z:��igU0VdxJ��cdUgt�VXiBc\VXigigU0V}hRQSUBxBcubeW�j�UBc`|^Q^xBx0c
fob�fobYxB|SUBQSigbea^a�VXa^bYcdMTQkbeM _�MPj�UBcd��WYQSt�V¡VXWeORQS��UgbY|^c�WlVy|S_�bwbeMT|^cdO[M�bei0V��u_�M6VyxBQ^]s_TQSM�a�V
fobYx0|SUBQSi0V�fobmhdVXWYcdUgbmM`_�tuQSUgbY|Sb�~���V¢|^cdM`hRQSUBxgbYcdMTQyf�QSWmj�UBcd��WYQSt�V fobqpHQSUBQSM�a^blVXWYQ�beM�_�M
j�UBcd��WYQSt�V�VXWeORQS��UgbY|^ckjHQSUgtuQSigiBQ	fob<_�igbeWebea^a�VXUBQ	MTQSW8tuc�f�c\j�be��Q�£�|SbYQSM`iBQ�b<|}VXWY|^cdWlVXiBcdUgb
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xB|B�TQSt�b�M`_�tuQSUgbY|Sb�~
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: bG|^cdMTxBbYf�QSUgb<_�M6V���_�M�a^bYcdMTQ

g(x)
Q^f¡_�M6V�xg_T|^|^Q^xBxgbYcdMTQ	fobGj�_�Msigb�fob�VdxB|SbYxBx0V

xi

Q^]`_�bq�
xgj6VXa^blVXigb�|^cdM�j6VdxBxBc

∆x
~ : bHbeMTfobY|0��b�|^cdM

gi

beWr|^cdUgUgbYxgjHcdMTf�QSMsiBQ�h[VXWYcdUBQ�f�QSWeWlV
g(x)

MTQSW
j�_�MsiBc�fob�Vdx0|SbYxBx0V

xi ; hRQ^fobr¨TO[_�U0Vu·o~e®=<�~

g

g(x)

x

g

g

i−1 i i+1

ii−1

i+1

x∆ ∆x

±8beO[_�U0V�·o~e®[§
�8QSU�|^c[xgigUg_�beUBQ¡WYQ���cdUgt._�WYQ�VXWeWYQ¡fobqprQSUBQSM�a}Q�jHQSU�beW¥|}VXWY|^cdWYc f�QSWeWYQ�f�QSUgbehdVXiBQ¡f�QSWeWlV

g(x)
xBb�xB|SUgbehdVuWYcuxgh�beWe_�j�j:cubeMyxBQSUgbYQ.fob?>8VA@�WYcdUzf�QSWeWlV���_�M�a^bYcdMTQ

g(x)
MTQSW�j�_�MsiBc

xi+1UgbYxgj:QSigiBc\VXWrj�_�MsiBc
xi

gi+1 = gi +
dg

dx

∣
∣
∣
∣
i

∆x +
d2g

dx2

∣
∣
∣
∣
∣
i

∆x2

2
+

d3g

dx3

∣
∣
∣
∣
∣
i

∆x3

6
+

d4g

dx4

∣
∣
∣
∣
∣
i

∆x4

24
+ .. ; ·o~e®=<

Q�]s_TQSWeWYc�MTQSW�j�_�MsiBc
xi−1

gi−1 = gi −
dg

dx

∣
∣
∣
∣
i

∆x +
d2g

dx2

∣
∣
∣
∣
∣
i

∆x2

2
−

d3g

dx3

∣
∣
∣
∣
∣
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∆x3

6
+

d4g

dx4

∣
∣
∣
∣
∣
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∆x4
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: Qnxgb�Q^xgj�WebY|Sbei0V�WlV ; ·o~e®=<�UgbYxgjHQSigiBc�VXWeWlVzf�QSUgbehdVXi0V dg

dx

∣
∣
∣
∣
i

xgb�cdigigbYQSMTQnWlV¥xBQSO[_TQSMsiBQnUBQSWlVXa^bYcdMTQ

dg

dx

∣
∣
∣
∣
i

=
gi+1 − gi

∆x
︸ ︷︷ ︸

Differenza finita

−
d2g

dx2

∣
∣
∣
∣
∣
i

∆x

2
−

d3g

dx3

∣
∣
∣
∣
∣
i

∆x2

6
+ .....

︸ ︷︷ ︸

Errore eT |
i

; ·o~ª·+<

�8V ; ·o~ª·+<�tuc[xBigU0V�|B�TQ¥WlV�f�QSUgbehdVXi0V�j�Ugbet�V�f�QSWeWlV���_�M�a^bYcdMTQ g(x)
MTQSWHj�_�MsiBc

xi

j�_���Q^xg�
x0QSUBQ�j:c[xBi0V�_�O[_6VXWYQ�V�_�M6VufobqpHQSUBQSM�a�V�¨TM�bei0VoZTbeW�j�Ugbetuc�iBQSUgt�beMTQ�V�xBQ^|^cdMTf�c�tuQSt.��UBc�Z
j�be� beMo¨TM�beigb�iBQSUgt�beM�bw|B�TQ\|^c[xgigbeig_�bYxB|^cdMTc�W���QSUgUBcdUBQ�fob�igUBcdMT|}VXtuQSMsiBc ; eT |i

<�~��<cdbY|B�T�\b
iBQSUgt�beM�b8f�QSWeW���QSUgUBcdUBQ.fob�igUBcdMT|}VXtuQSM`iBc\fobejHQSMTf�cdMTcufTV

∆x
Z�]s_TQ^xgiBc�QSUgUBcdUBQ�j�_��uQ^xBxBQSUBQ

UBQ^x0c�j�bY|^|^cdWYc�V¥j�blVd|^QSUBQmxB|^QSO[WebYQSMTf�c�_�M
∆x
xg_o£�|SbYQSM`iBQStuQSMsiBQ¯j�bY|^|^cdWYc{Q�WlVzf�QSUgbehdVXi0Vzfob

g(x)
j�_��	Q^xBxBQSUBQ¥VXj�j�UBc[xBxgbet�VXi0V	|^cdMkbeW6j�Ugbetuc	iBQSUgt�beMTQ¥V�xBQ^|^cdMTf�c�tuQSt.��UBc�~�LNM�]s_TQ��

xBiBc¥|}Vdx0c
eT

U0VXj�j�UBQ^xBQSMsi0V¥W���QSUgUBcdUBQm|0�TQmxgb�|^cdt�tuQSigiBQ@VXj�j�UBc[xBxgbet�VXMTf�czWlVzf�QSUgbeh[VXi0V�|^cdM
WlV{fobqpHQSUBQSM�a�V¥¨TM�bei0Vo~�LNW�j�Ugbetuc{iBQSUgt�beMTQ¯f�QSWeW���QSUgUBcdUBQ�fob�igUBcdMT|}VXtuQSM`iBc�Z�]`_TQSWeWYc{|}VXU0VXigiBQ��
Ugbea^a�VXiBc�fTVXWeW���Q^xgjHcdMTQSMsiBQzfob

∆x
j�be�\j�bY|^|^cdWYc�Zoj�UBQSMTf�Q�beW=MTcdtuQzfob:iBQSUgt�beMTQ�f�cdt�beM6VXM`iBQ

f�QSWeW���QSUgUBcdUBQyfob�igUBcdMT|}VXtuQSM`iBc�~�L�Mo��VXigigbmxBQ
∆x → 0

Z�ig_�igigbmbniBQSUgt�beM�b@f�QSWeW���QSUgUBcdUBQ�fob
igUBcdMT|}VXtuQSM`iBc�iBQSMTf�cdMTc�Vua}QSUBc�Z:ig_�igi0V}h`blV\beW<iBQSUgt�beMTQ	f�cdt�beM6VXiBQ�iBQSMTf�Q�V�a}QSUBc\tuQSMTc
U0VXj�bYfTVXtuQSM`iBQ.f�QSO[Web�VXWeigUgbriBQSUgt�beM�b�~���_�beMTfob�jHQSU

∆x
xg_o£�|SbYQSMsiBQStuQSM`iBQ.j�bY|^|^cdWYc�beWHiBQSUJ�

t�beMTQnf�cdt�beM6VXM`iBQ@j�UBQSh[VXWYQ�xB_	ig_�igigboboUgbet�VXMTQSMsigb6iBQSUgt�beM�bTf�QSWeW���QSUgUBcdUBQ@foboigUBcdMT|}VXtuQSMsiBc�~
��_6VXMTf�ckxgb8hRQSUgbq¨6|}V�]`_TQ^xgi0V\|^cdMTfobea^bYcdMTQ[ZHVXWeWYcdU0V\xgb<�{beM¢|^cdMshRQSUgORQSM�a�V�VdxgbeMsiBcdigbY|}Vo~¥LNM
|^cdMTfobea^bYcdMTQ�fobr|^cdM`hRQSUgORQSM�a�VuVdxgbeMsiBcdigbY|}V	W���QSUgUBcdUBQzfobHigUBcdMT|}VXtuQSMsiBc�f�QSWeWlV{��cdUgt._�WlV�VXWeWYQ
fobqprQSUBQSM�a}Q ; ·o~ª·+<��¥f�QSWeW���cdUBfobeMTQ�fob ∆x

~��<QSUm]s_TQ^xBi0V{U0VXO[bYcdMTQ[ZoWlV.��cdUgt._�WlV�h`bYQSMTQzf�QSigi0V
Vd|^|S_�U0VXi0V¢VXW�j�Ugbetuc¡cdUBfobeMTQ�Q^f¬W�� beM`iBQSUBc¢QSUgUBcdUBQ�h�bYQSMTQ�beMTfobY|}VXiBc�|^cdMP_�M6V�MTcdi0VXa^bYcdMTQ
|0�TQ�tuQSigiBQ�beMyQSh�bYf�QSM�a�V�]`_TQ^xgiBcuVdxgjHQSigiBc

dg

dx

∣
∣
∣
∣
i

=
gi+1 − gi

∆x
+ O(∆x) ; ·o~ ­ <

��_TQ^xBi0Vk��cdUgt�_�WlV���_�M6Vk��cdUgt._�WlV¡VXWeWYQufobqprQSUBQSM�a}QubeM V^h[VXMsigb�Z<beM ]`_6VXMsiBcy|^cdbeMshRcdWeORQ\b
MTc�fob

i
Q

i + 1
MTQSW�|}VXWY|^cdWYcuf�QSWeWlV�f�QSUgbeh[VXi0V�MTQSW�MTc�f�c

i
~

� M6VXWYcdOsVXtuQSM`iBQ�fTVXWeWlV ; ·o~ªµ+<@xgb�cdigigbYQSMTQ{_�M6V���cdUgt�_�WlV�VXWeWYQ{fobqprQSUBQSM�a}Q�VXWeW�� beMTfobYQSigUBc|0�TQ{|^cdbeMshRcdWeORQ.b�MTc�fob
i
Q

i − 1
~

dg

dx

∣
∣
∣
∣
i

=
gi − gi−1

∆x
+

d2g

dx2

∣
∣
∣
∣
∣
i

∆x

2
−

d3g

dx3

∣
∣
∣
∣
∣
i

∆x2

6
+ .... =

gi − gi−1

∆x
+ O(∆x) ; ·o~ª°+<

� MT|B�TQ�]`_TQ^xgi0V���cdUgt._�WlV���Vd|^|S_�U0VXi0V�VXWGj�Ugbetuc�cdUBfobeMTQ�t�V\�6Vk_�M¢QSUgUBcdUBQ�fob�igUBcdMT|}V��
tuQSM`iBcuWYQSO[ORQSUgtuQSM`iBQ.fobqprQSUBQSMsiBQ.fTVu]s_TQSWeWlV�|^cdMTxgbYf�QSU0VXi0VubeM�j�UBQ^|^Q^f�QSM�a�Vo~

�@�RjHc[xBxgbe��beWYQ@|^c[xBigUg_�beUBQ@��cdUgt._�WYQzVXWeWYQ¯fobqprQSUBQSM�a}Q@jHQSUwWlV�f�QSUgbeh[VXi0V.j�Ugbet�V{fob=cdUBfobeMTQ
fob�Vd|^|S_�U0VXiBQSa^a�V�xg_�jHQSUgbYcdUBQ�VXWzj�Ugbetuc�cdUBfobeMTQ[~�L�Mo��VXigigbzxBQ¡xBb¥xBcdigigU0VdQ¡WlV ; ·o~e®=<\VXWeWlV
; ·o~ªµ+<¯Q.xBb8Q^xgj�WebY|Sbei0VuUgbYxgj:QSigiBc�VXWeWlV dg

dx

∣
∣
∣
∣
i

xgb8cdigigbYQSMTQ�_�M6Vu��cdUgt�_�WlV\VXWeWYQ	fobqpHQSUBQSM�a}Q�jHQSU
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WlV¡f�QSUgbeh[VXi0V¡j�Ugbet�V�Vd|^|S_�U0VXi0V�VXWmxBQ^|^cdMTf�c¢cdUBfobeMTQ�fob�igbejHc�|^QSMsigU0VXiBc�Z�beM�]`_6VXMsiBc�ZwWlV
��cdUgt�_�WlV¬VXWeWYQ�fobqprQSUBQSM�a}Q�|^cdbeMshRcdWeORQyb@MTc`fob

i + 1
Q

i − 1
Q�beWmiBQSUgt�beMTQyf�cdt�beM6VXM`iBQ

f�QSWeW���QSUgUBcdUBQ.fob�igUBcdMT|}VXtuQSM`iBc��{f�QSW�xBQ^|^cdMTf�c�cdUBfobeMTQ
dg

dx

∣
∣
∣
∣
i

=
gi+1 − gi−1

2∆x
−

d3g

dx3

∣
∣
∣
∣
∣
i

∆x2

6
+ .. =

gi+1 − gi−1

2∆x
+ O(∆x2) ; ·o~ª¶+<

: cdt�t�VXMTf�c�WlV ; ·o~e®=<nVXWeWlV ; ·o~ªµ+<�Q^f�Q^xgj�WebY|Sbei0VXMTf�cuUgbYxgj:QSigiBc�VXWeWlV d2g

dx2

∣
∣
∣
∣
∣
i

xgbHcdigigbYQSMTQz_�M6V
��cdUgt�_�WlV�VXWeWYQ�fobqprQSUBQSM�a}Q{jHQSUmWlV�f�QSUgbehdVXi0V�x0Q^|^cdMTfTV

d2g

dx2

∣
∣
∣
∣
∣
i

=
gi+1 − 2gi + gi−1

∆x2
−

d4g

dx4

∣
∣
∣
∣
∣
i

∆x2

12
+ .. =

gi+1 − 2gi + gi−1

∆x2
+ O(∆x2)

; ·o~��9<� MT|0�TQ�beM ]`_TQ^xgiBc�|}VdxBc�Z�WlV\��cdUgt._�WlV¡VXWeWYQ�fobqpHQSUBQSM�a}Q\�uVd|^|S_�U0VXi0V�VXWwxBQ^|^cdMTf�cycdUBfobeMTQ
Q^f ��fob�igbejHc�|^QSMsigU0VXiBc�~ : b�jHc[xBxBcdMTc\cdigiBQSMTQSUBQ���cdUgt�_�WYQ	VXWeWYQ	fobqpHQSUBQSM�a}Q	fobqprQSUBQSMsigb�fTV
]s_TQSWeWYQ�O[bl¤�h�bYxgiBQ[~ � igbeiBcdWYc�fobHQ^xBQSt�j�bYc	xgb6UgbejHcdUgi0VXMTc�Z�_�M6Vz��cdUgt._�WlV�VXWeWYQ¯fobqprQSUBQSM�a}Q¥beM
V^h[VXMsigb�jHQSUmWlV�f�QSUgbeh[VXi0V�j�Ugbet�VuVd|^|S_�U0VXi0VuVXW8xBQ^|^cdMTf�cucdUBfobeMTQ

dg

dx

∣
∣
∣
∣
i

=
−3gi + 4gi+1 − gi+2

2∆x
+ O(∆x2) ; ·o~��+<

_�M6V���cdUgt�_�WlV¯VXWeWYQ�fobqprQSUBQSM�a}Q�VXWeW�� beMTfobYQSigUBc¯j:QSU�WlVmf�QSUgbehdVXi0Vmj�Ugbet�V@Vd|^|S_�U0VXi0V¯VXWsx0Q^|^cdMTf�c
cdUBfobeMTQ

dg

dx

∣
∣
∣
∣
i

=
3gi − 4gi−1 + gi−2

2∆x
+ O(∆x2) ; ·o~ª³+<

Q^fF_�M6V¬��cdUgt�_�WlVP|^QSMsigU0VXi0V�VXWeWYQ�fobqpHQSUBQSM�a}Q�jHQSU\WlV�f�QSUgbehdVXi0V�xBQ^|^cdMTfTV�Vd|^|S_�U0VXi0V�VXW
]s_6VXUgiBcucdUBfobeMTQ

d2g

dx2

∣
∣
∣
∣
∣
i

=
−gi+2 + 16gi+1 − 30gi + 16gi−1 − gi−2

12∆x2
+ O(∆x4) ; ·o~e®}²+<

©�QSW8|}VdxBcufob�_�M6V	��_�M�a^bYcdMTQ{fob�j�be�yhdVXUgblVX��beWeb8W���Q^xgiBQSMTxgbYcdMTQ{f�QSWeWYQ{��cdUgt�_�WYQ�VXWeWYQ{fobq� �
��QSUBQSM�a}Q\¨TM�beiBQkj:QSU	WYQ�f�QSUgbehdVXiBQkj�UgbetuQ �\�6VXM6VXWYQ[~ : bn|^cdMTxBbYf�QSUgb�jHQSU�xBQSt�j�WebY|Sbl¤¡_�M6V
� _�M�a^bYcdMTQ�fob�fo_TQ¥h[VXUgblVX��beWebrbeMTfobej:QSMTf�QSM`igb

g(t, n)
QzxgbHbeMTfobY|B��b8|^cdM�WlV.MTcdi0VXa^bYcdMTQ

gn
i

beW
|^cdUgUgbYxgj:cdMTf�QSM`iBQ�hdVXWYcdUBQ�MTQSW<j�_�MsiBc�fob8|^c�cdUBfobeM6VXiBQ ; n∆t, i∆x

<¯Q^xBxBQSMTf�c
∆t
beW8j6Vdx0xBc

fob�fobYxB|SUBQSigbea^a�VXa^bYcdMTQuMTQSW�iBQSt�jHc�Q
∆x
]`_TQSWeWYc�MTQSWeWYc�xgj6VXa^bYc�~���Q	��cdUgt�_�WYQ�VXWeWYQufobqprQ��

UBQSM�a}Q.Vd|^|S_�U0VXiBQ�VXW�j�Ugbetuc\cdUBfobeMTQ�jHQSU@WYQ�f�QSUgbehdVXiBQ.UgbYxgjHQSigiBcuV
t
Q

x
xgb�cdigiBQSM�ORcdMTckfTV

]s_TQSWeWYQ�h�bYxgiBQ	beM¢j�UBQ^|^Q^f�QSM�a�V�cdj:QSU0VXMTf�c¡VXWY|S_�MTQ�j�bY|^|^cdWYQ�xBc[xgigbeig_�a^bYcdM�b�~��8QSU{Q^x0QSt�j�bYc�Z
WlV���cdUgt._�WlV�Vd|^|S_�U0VXi0V�VXW:j�Ugbetuc�cdUBfobeMTQ¥beM�V^h[VXMsigbrjHQSUwWlV	f�QSUgbehdVXi0V.UgbYxgjHQSigiBc	VXW:iBQSt�jHc
MTQSW�j�_�MsiBc

n, i
xBb�xB|SUgbehRQ�|^cdtuQ

∂g

∂t

∣
∣
∣
∣

n

i

=
gn+1
i − gn

i

∆t
−

∂2g

∂t2

∣
∣
∣
∣
∣

n

i

∆t

2
+ ... =

gn+1
i − gn

i

∆t
+ O(∆t) ; ·o~e®[®=<
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� MT|B�TQkWYQ\��cdUgt._�WYQ�VXWeWYQ�fobqpHQSUBQSM�a}Qk¨TM�beiBQkUBQSWlVXigbehRQ�VXWeWYQ�f�QSUgbeh[VXiBQ�xBQ^|^cdMTf�Q[Z�h�bYxgiBQ�beM
j�UBQ^|^Q^f�QSM�a�VoZ8xgb�Q^xgiBQSMTf�cdMTc�VXWeWYc�xgiBQ^x0xBcktuc`f�c�VXW�|}VdxBc�fobG��_�M�a^bYcdMTQ�fob�j�be��hdVXUgblVX��beWeb
beMTfobejHQSMTf�QSMsigb�~ >�_�igi0V}h`blV�jHQSUm|^cdt�j�WYQSi0VXUBQzWlV	|}VdxgbYxgigbY|}V�f�QSWeWYQ���cdUgt�_�WYQ{VXWeWYQ�fobqpHQSUBQSM�a}Q
jHQSU�WYQ�f�QSUgbeh[VXiBQ�fob{cdUBfobeMTQ¬xg_�jHQSUgbYcdUBQ¬VXW�j�Ugbetuc�x0VXUBQS���HQ¢MTQ^|^Q^xBx0VXUgbYc�|^cdMTxgbYf�QSU0VXUBQ
VXMT|0�TQ�WYQu��cdUgt�_�WYQ�jHQSU{WYQ\f�QSUgbehdVXiBQ�t�bYxgiBQ ; jHQSU�Q^xBQSt�j�bYc ∂2g

∂t∂x

<�Z<|B�TQ\MTcdM�x0VXU0VXM�MTc
j�UBQ^x0QzbeMy|^cdMTxgbYf�QSU0VXa^bYcdMTQ{beM¡]s_TQ^xgiBc�iBQ^xBiBc�~
��Ugbet�V�fob�|^cdMT|SWe_Tf�QSUBQ��zbet�j:cdUgi0VXM`iBQ.xBcdigiBcdWebeMTQ}VXUBQ	VXWY|S_�MTQ{]s_TQ^xBigbYcdM�b�~
•
L�W@j�UBc�|^Q^xBxBc�fob�fobYxB|SUBQSigbea^a�VXa^bYcdMTQ¢VXWeWYQyfobqprQSUBQSM�a}Qy¨TM�beiBQy�6V¢jHQSUgtuQ^xBxBc�fob�xBcX�
xgigbeig_�beUBQ�W���cdj:QSU0VXa^bYcdMTQ�fob8f�QSUgbeh[VXa^bYcdMTQ�fob�_�M6Vu� _�M�a^bYcdMTQ	|^cdM�_�M6V�xBQ^]`_TQSM�a�Vufob
cdj:QSU0VXa^bYcdM�bwVXWeORQS��UgbY|0�TQ ; tucdWeigbej�WebY|}VXa^bYcdM�b�Z�fobeh�bYxgbYcdM�b�Z�Vdf�fobea^bYcdM�b�Q�xBcdigigU0VXa^bYcdM�b�<|B�TQ@|^cdbeM`hRcdWeORcdMTc{h[VXWYcdUgbTf�QSWeWlV�� _�M�a^bYcdMTQ¯|}VXWY|^cdWlVXigbTbeM�j�_�MsigbTh�bY|SbeM�b�~��¯M�|}VXWY|^cdWlV��
iBcdUBQ�QSWYQSigigUBcdM�bY|^c���beM\O[U0Vdf�c	fobHQ^xBQSO[_�beUBQ�]`_TQ^xgiBQ�cdj:QSU0VXa^bYcdM�b�VXWeORQS��UgbY|B�TQztucdWeiBc
U0VXj�bYfTVXtuQSMsiBQ�VXigigU0V^hRQSUBxBc\xBQSt�j�WebY|Sb�j�UBcdO[U0VXt�t�b<fob�|}VXWY|^cdWYc�~

•
��be��VX_�tuQSMsi0V@W���cdUBfobeMTQwfob`Vd|^|S_�U0VXiBQSa^a�V¯f�QSWeWlV���cdUgt._�WlV@QGj�be�.MTc`fobR|^cdM`igbeO[_�b`xBcdMTc
|^cdbeMshRcdWeigb<MTQSW8|}VXWY|^cdWYc�~n��� beMTxgbYQStuQ�f�QSb�MTc�fob<VdfoblVd|^QSMsigbG|B�TQ.hRQSM�ORcdMTcu_�igbeWebea^a�VXigb
MTQSW�|}VXWY|^cdWYc�fTVXWeWlV\��cdUgt�_�WlV�VXWeWYQ	fobqprQSUBQSM�a}Q�f�Q�¨TM�bYxB|^Q�WlV\�6VdxBQ ; ckbeW�xg_�j�j:cdUgiBc(<f�QSWeWlV	��cdUgt._�WlVo~

•
��be� VX_�tuQSMsi0V�W���cdUBfobeMTQ�fob�Vd|^|S_�U0VXiBQSa^a�V�f�QSWeWlV\��cdUgt._�WlV�Q	j�be��QSWYQSh[VXiBc���beW�|^cX�
xgiBc�|^cdt�j�_�i0VXa^bYcdM6VXWYQ[~��<QSU�Q^xBQSt�j�bYc�xBb�j6VdxBx0V�fTVXWeWYQkµ�cdj:QSU0VXa^bYcdM�bnVXWeORQS��UgbY|B�TQ
; _�M6V�fobqprQSUBQSM�a�V�Q^f¢_�M6V�fobeh�bYxgbYcdMTQ=<�MTQ^|^Q^xBx0VXUgbYQ�jHQSU�beW�|}VXWY|^cdWYc�f�QSWeWlV\��cdUgt._�WlVVd|^|S_�U0VXi0V\VXW�j�Ugbetuc\cdUBfobeMTQ.beM�V^h[VXMsigbGVXWeWYQ�¶�cdj:QSU0VXa^bYcdM�b ; igUBQ{tucdWeigbej�WebY|}VXa^bYcdM�b�Z_�M6V�Vdf�fobea^bYcdMTQ[Z<_�M6V�xBcdigigU0VXa^bYcdMTQ\Q�_�M6V�fobeh�bYxgbYcdMTQ=<zf�QSWeWlVk��cdUgt._�WlV�beM�V^h[VXMsigb
Vd|^|S_�U0VXi0V�VXW�xBQ^|^cdMTf�c�cdUBfobeMTQ[~

•
�¯igbeWebea^a�VXUBQ�_�M6V¥��cdUgt._�WlV	VXWeWYQ¯fobqprQSUBQSM�a}Q¯fob6cdUBfobeMTQ�j�be�\Vd|^|S_�U0VXiBc�MTcdM\xgbeO[M�bq¨6|}V
|B�TQ�W���QSUgUBcdUBQ\fob�igUBcdMT|}VXtuQSMsiBc�xgblVkjHQSU{cdO[M�b�hdVXWYcdUBQ�f�QSWwj6VdxBxBc�fob�fobYxB|SUBQSigbea^a�V��
a^bYcdMTQ{xBQSt�j�UBQ�j�be�yj�bY|^|^cdWYcufob�]`_TQSWeWYc�fob�_�M6V���cdUgt�_�WlV�tuQSMTc�Vd|^|S_�U0VXi0Vo~

•
L�W���VXigiBc�fobwQ^x0xBQSUBQ�beM |^cdMshRQSUgORQSM�a�V�VdxgbeM`iBcdigbY|}V�MTcdM�Vdx0xgbY|S_�U0V�|B�TQ�W���QSUgUBcdUBQ�xgblV
j�bY|^|^cdWYc�QzigU0VdxB|S_�U0VX��beWYQ[~

��������� � ��! #&%+'/)9��,*,*-.,/��0213'543� '���� -.,/��0?13�643��� '/%+' 13,/��-	���
��Q���cdUgt�_�WYQkVXWeWYQ�fobqpHQSUBQSM�a}Qu¨TM�beiBQujHQSU{WYQuf�QSUgbeh[VXiBQuh�bYxgiBQ�MTQSWeWlV�xBQSa^bYcdMTQuj�UBQ^|^Q^f�QSMsiBQ
jHQSUgtuQSigiBcdMTc�ZRMTcdM�xBcdWYczfob�|}VXWY|^cdWlVXUBQmbeM�tuc�f�czVXj�j�UBc[x0xgbet�VXiBczbeWohdVXWYcdUBQnfob�_�M6V¥f�QSUgbehdV��
i0VoZ�t�V	VXMT|B�TQ�fobH|^c[xgigUg_�beUBQzf�QSbHtuQSiBc`fobrfobHxBcdWe_�a^bYcdMTQ�VXj�j�UBc[xBxgbet�VXi0V�f�QSWeWYQzQ^]s_6VXa^bYcdM�b
fobqprQSUBQSM�a^blVXWeb�~

��_TQ^xgigb=tuQSiBc�fob6hRQSM�ORcdMTc	|B��blVXt�VXigbrxB|0�TQSt�b:fob=beMsiBQSO[U0VXa^bYcdMTQ�f�QSWeWYQ¥Q^]s_6VXa^bYcdM�bHfobq� �
��QSUBQSM�a^blVXWeb�VXWeWYQ�fobqpHQSUBQSM�a}Q�¨TM�beiBQ[~{�<QSU�beWeWe_TxgigU0VXUBQ�W�� bYf�Q}Vk|B�TQ�xBi0V\VXWeWlV\�6VdxBQ�fob�]s_TQ^xBigb
x0|B�TQSt�b�M`_�tuQSUgbY|Sb<Q{WYQ{WYcdUBc�j�UBcdj�UgbYQSi0¤oZ:x0VXU0VXM�MTc�|^c[xBigUg_�beigb�igUBQ.x0|B�TQSt�b�M`_�tuQSUgbY|SbGVXWeWYQ
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fobqpHQSUBQSM�a}Q�¨TM�beiBQ�jHQSU�W���Q^]`_6VXa^bYcdMTQy|}VXt�j�bYcdMTQ�Q�xg_T|^|^Q^xBxgbeh[VXtuQSMsiBQ�VXj�j�WebY|}VXigbzVXb¯igUBQ
j�UBcd��WYQSt�b8fobqprQSUBQSM�a^blVXWeb�f�Q�¨TM�beigb8f�Q�¨TM�beigb�MTQSW8|}VXj�beiBcdWYc�j�UBQ^|^Q^f�QSMsiBQ[~
L�M�]`_TQ^xgigbHj�UBcd��WYQSt�b�fobqprQSUBQSM�a^blVXWebrWlV{��_�M�a^bYcdMTQ�xBcdWe_�a^bYcdMTQ

g(t, x)
f�QShRQzQ^xBxBQSUBQzf�Q��

iBQSUgt�beM6VXi0V�VXWeW�� beMsiBQSUgMTc¦fob�_�MTc�xgiBQ^xBxBc�f�cdt�beM�bYc�xBj6VXa^bYcX��iBQSt�j:cdU0VXWYQ�Webet�bei0VXiBcFfTVXWeWYQ
|^cdMTfobea^bYcdM�b

0 < x < 1
Q

t > 0 ; hRQ^fobr¨TO[_�U0V\·o~ªµ+<�~

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

0,0 0,imax

n,in,i−1

n−1,i

x=1x=0

t

x
t=0

n+1,i

t

∆ x

∆ n,i+1

±8beO[_�U0V�·o~ªµo§
� Web8x0|B�TQSt�bGfob8beM`iBQSO[U0VXa^bYcdMTQ�M`_�tuQSUgbY|}V�VXWeWYQ.fobqprQSUBQSM�a}Q.¨TM�beiBQ.MTcdM�f�QSiBQSUgt�beM6VXMTc

WlV���_�M�a^bYcdMTQ¥beM\ig_�igigb:b=j�_�M`igbrf�QSW:f�cdt�beM�bYc�Zot�V�|}VXWY|^cdWlVXMTc�beW6h[VXWYcdUBQ�VXj�j�UBc[xBxgbet�VXiBc�fob
g(t, x)

xg_�_�M¡UBQSigbY|^cdWYc�fob�MTc�fob�|^c[xgigUg_�beiBc�VXWeW�� beMsiBQSUgMTckf�QSW8f�cdt�beM�bYc�~mLNM�bea^blVXWetuQSMsiBQ	xgb
VdxBxg_�tuQSU0¤�|0�TQ�beW�j6VdxBxBc�fobwfobYx0|SUBQSigbea^a�VXa^bYcdMTQuMTQSWeWYc�xgj6VXa^bYc ; ∆x

<zQ�MTQSW�iBQSt�jHc ; ∆t
<

xgblV�|^c[xgi0VXMsiBQ ; hRQ^fobr¨TO[_�U0Vu·o~ªµ+<�~
���	��
���
�������������������
�� �"!�#$��
&%'�(
�)*!+
,�-
,�/.+0'
��(
�1
��c�xB|B�TQSt�V32 >54 : h�bYQSMTQ�|^c[xgigUg_�beiBc�xBc[xgigbeig_TQSMTf�c�MTQSWeW���Q^]s_6VXa^bYcdMTQu|}VXt�j�bYcdMTQ[Z�WYQ�f�Q��
UgbehdVXiBQ�MTQSWeWYc xgj6VXa^bYc¬|^cdM�WlV���cdUgt._�WYQy|^QSMsigU0VXiBQyQ�WlV¢f�QSUgbehdVXi0V¬MTQSW@iBQSt�j:c�|^cdMF_�M6V
��cdUgt�_�WlV�VXWeWYQ@fobqprQSUBQSM�a}Q�beM\V^h[VXMsigb�~�����Q^]`_6VXa^bYcdMTQ¥|}VXt�j�bYcdMTQ�f�QShRQ�Q^xBxBQSUBQ@xBc�f�fobYxJ��VXigi0V
beM	ig_�igigb�b�j�_�Msigb�beM`iBQSUgM�b6f�QSW�f�cdt�beM�bYc�fob�|}VXWY|^cdWYc�Q[Z[]s_�beMTfob�Z[beM�ig_�igigboboMTc`fobobeM`iBQSUgM�bTf�QSW
UBQSigbY|^cdWYc�fob:|}VXWY|^cdWYc�~ : Q¯xgb6|^cdMTxBbYf�QSU0V�_�M�ORQSMTQSUgbY|^c�MTc�f�c{beMsiBQSUgMTc ; n Z i <�fob:|^c`cdUBfobeM6VXiBQ
; n∆t

Z
i∆x
<�ZsxBc[xgigbeig_TQSMTf�c.WYQ¯f�QSUgbeh[VXiBQ¯f�QSWeW���Q^]`_6VXa^bYcdMTQ�|}VXt�j�bYcdMTQ¥|^cdMuWlV���cdUgt�_�WlV.VXWeWYQ

fobqpHQSUBQSM�a}Q ; ·o~e®[®=<8QwWYQ���cdUgt._�WYQ ; ·o~ª¶+<8Q ; ·o~��9<�Zdtuc�fobq¨6|}VXiBQnjHQSU8beWo|}VdxBc¥fob`_�M6V¯��_�M�a^bYcdMTQV�fo_TQ�hdVXUgblVX��beWeb�beMTfobej:QSMTf�QSM`igb<xgb�cdigigbYQSMTQ

∂g

∂t
+λ

∂g

∂x
−µ

∂2g

∂x2
=

gn+1

i − gn
i

∆t
+λ

gn
i+1 − gn

i−1

2∆x
−µ

gn
i+1 − 2gn

i − gn
i−1

∆x2
+eT

n
i = 0

; ·o~e®}µ+<
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f�c�hRQ
eT

n
i = −

∂2g

∂t2

∣
∣
∣
∣
∣

n

i

∆t

2
− λ

∂3g

∂t3

∣
∣
∣
∣
∣

n

i

∆x2

6
+ µ

∂4g

∂t4

∣
∣
∣
∣
∣

n

i

∆x2

12
+ .....

|^cdt�j�UBQSMTf�Quig_�igigb<O[Web�QSUgUBcdUgb�fobGigUBcdMT|}VXtuQSMsiBc¡fob�|SblVdxB|S_�M6V\��cdUgt�_�WlV�VXWeWYQ�fobqpHQSUBQSM�a}Q[~
��_TQ^xBiBc¯iBQSUgt�beMTQnjHQSU8tucdigbeh�bo|B�TQnx0VXU0VXM�MTcz|B��blVXUgboigU0V���UBQShRQwj�UBQSMTf�QnbeW�MTcdtuQ�foboQSUgUBcdUBQ
fob�igUBcdMT|}VXtuQSMsiBc.f�QSWeWYc¥x0|B�TQSt�Vo~G�8cdbY|0�T�m����Vd|SbeWYQ�hRQSUgbq¨6|}VXUBQm|B�TQ

eT → 0
xBQ

∆x,∆t →
0
ZoVXWeWYcdU0V{xBQ

∆x
Q

∆t
xBcdMTc.xg_o£�|SbYQSM`iBQStuQSMsiBQzj�bY|^|^cdWeb�Z

eT
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∆t
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= 0 ; ·o~e®}·+<
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f�QSWeWlV ; ·o~e®}µ+<�MTcdM�xBcdMTc�bYf�QSMsigbY|SbmVXbwh[VXWYcdUgb gn
i

f�QSWeWlV ; ·o~e®}·+<�Z<jHcdbY|B�T�uMTQSWj6Vdx0x0VXO[O[bYc.fTVXWeWlV ; ·o~e®}µ+<�VXWeWlV ; ·o~e®}·+<���xgi0VXi0V{cdjHQSU0VXi0V�_�M6V	VXj�j�UBc[xBxgbet�VXa^bYcdMTQ[~�LNMo��VXigigb�ZtuQSM`igUBQ
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i
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b
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xBcdMTc�h[VXWYcdUgb�f�QSWeWlV
g(t, x)

x0cdWe_�a^bYcdMTQ{f�QSWeW���Q^]s_6VXa^bYcdMTQ
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∂x2
− eT = 0 ; ·o~e®}°+<
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fobqprQSUBQSMsiBQ�fTV	a}QSUBc�jHQSU
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V�x0Q^|^cdMTf�c�tuQSt.��UBc�briBQSUgt�beM�b<VXWriBQSt�jHc

n
xgb�cdigigbYQSMTQ�WlV�xBQSO[_TQSM`iBQ.Q^xgj�UBQ^xBxBbYcdMTQ
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c

2
)gn
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xBj6VXa^bYc�Q�MTQSWriBQSt�j:c�~w��V ; ·o~e®}¶+<�jHQSUgtuQSigiBQ{fob�|}VXWY|^cdWlVXUBQ�beWrh[VXWYcdUBQ gn+1

i
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Z
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i

Z
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~¥beM¢ORQSMTQSU0VXWYQ[Zr]s_TQ^xgi0V\Q^]`_6VXa^bYcdMTQ�VXWeWYQ�fobqprQSUBQSM�a}Q	beMTxgbYQStuQ�VXWeWYQ	|^cdMo�
fobea^bYcdM�b�VXWG|^cdMsiBcdUgMTc�ZH|B�TQ�|}VdxBc\f�QSb8j�UBcd��WYQSt�bG|^cdMTxgbYf�QSU0VXigb�xgb8x0|SUgbehRcdMTc�MTQSW<xBQSO[_TQSMsiBQ
tuc�f�c
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j:QSUgtuQSigiBQ�fob�|}VXWY|^cdWlVXUBQ{WlV�xBcdWe_�a^bYcdMTQ.VXj�j�UBc[xBxgbet�VXi0V\VXW�iBQSt�jHc
n + 1

MTcdi0V�]`_TQSWeWlV�VXW
iBQSt�j:c

n
~��8cdbY|0�T��WlV�xBcdWe_�a^bYcdMTQzj:QSU

n = 0 ; t = 0
<��¥MTcdi0V	fTVXWeWYQz|^cdMTfobea^bYcdM�b�beM�bea^blVXWeb�Z

WlV�xBcdWe_�a^bYcdMTQ�j�_��uQ^x0xBQSUBQ�|}VXWY|^cdWlVXi0VuVdf�cdO[M�b�bYxBi0VXMsiBQ{xg_T|^|^Q^x0xgbehRc�~
��_TQ^xgiBc@xB|0�TQSt�V@fobR|}VXWY|^cdWYc¯j�_��mQ^xBxBQSUBQ�UgbYxB|SUgbeigiBc@MTQSWeWlVmxBQSO[_TQSMsiBQ���cdUgt�V�t�VXigUgbY|SblVXWYQ
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��beW�hRQSigiBcdUBQm|^cdM`iBQSMTQSMsiBQmWYczxBcdWe_�a^bYcdMTQ@Vdf	_�M�|^QSUgiBczbYxgi0VXM`iBQmQ
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


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
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

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



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; ·o~e®}µ+<�|^cdt�j6VXUBQ�_�MFx0cdWYc¢iBQSUgt�beMTQ n + 1

tuQSM`igUBQ�ig_�igigb@O[Web¥VXWeigUgb@iBQSUgt�beM�b¯xBcdMTc VXW
iBQSt�j:c

n
~��8cdbY|0�T��iBQSUgt�beM�b�f�cdt�beM6VXMsigb�fob

eT

xBcdMTckiBQSUgt�beM�b�f�QSWeW���cdUBfobeMTQufob
∆t
Q�fob

∆x2
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L�W�xBQ^|^cdMTf�cyxB|B�TQSt�V�j�UBQ^x0c�beM¬|^cdMTxgbYf�QSU0VXa^bYcdMTQk�uVXj�j6VXUBQSMsiBQStuQSMsiBQktucdWeiBc�xBbet�beWYQ�VXWq�
WYcyxB|0�TQSt�Vy±�>54 : ~<L�Mo��VXigigb�Z�W���Q^]`_6VXa^bYcdMTQ�VXWeWYQ\fobqprQSUBQSM�a}Q\f�QSWeWYc¡xB|B�TQSt�V 2 >54 : ��WlV
xBQSO[_TQSMsiBQ

gn+1
i − gn

i

∆t
+ λ

gn+1
i+1

− gn+1
i−1

2∆x
− µ

gn+1
i+1

− 2gn+1
i − gn+1

i−1

∆x2
= 0 ; ·o~e® �+<

L�My]`_TQ^xgiBc\|}VdxBc�WYc�x0|B�TQSt�Vu�.xgi0VXiBc�|^c[xgigUg_�beiBc\xBc[xgigbeig_TQSMTf�c\WYQ{f�QSUgbeh[VXiBQ.xgj6VXa^blVXWeb<|^cdM
WYQ���cdUgt�_�WYQy|^QSM`igU0VXiBQ�h[VXWe_�i0VXiBQ¡VXW@iBQSt�jHc

n + 1
Q�WlV�f�QSUgbeh[VXi0V¢MTQSW@iBQSt�jHc¬|^cdMFWlV

fobqpHQSUBQSM�a}Q�¨TM�bei0V@VXWeW�� beMTfobYQSigUBc@UgbYxgjHQSigiBc¯VXW[iBQSt�jHc
n+1
~'4�cdtuQ�WYc¯xB|B�TQSt�V@j�UBQ^|^Q^f�QSMsiBQ[Z

VXMT|B�TQz]s_TQ^xBiBc�xB|0�TQSt�V.�zVd|^|S_�U0VXiBc�VXW=j�Ugbetuc	cdUBfobeMTQ¥MTQSW=iBQSt�jHc	Q¥VXWHxBQ^|^cdMTf�c	cdUBfobeMTQ
MTQSWeWYc�xgj6VXa^bYc�~�>�_�igi0V}h`blVoZ6VXW�|^cdM`igU0VXUgbYcuf�QSWeWYc�xB|B�TQSt�V�±�>54 : ZoWYc�xB|0�TQSt�V���bet�j�WebY|SbeiBc�~
��VXO[O[Ug_�j�j6VXMTf�c�V�j�Ugbetuc\tuQSt.��UBc\b�iBQSUgt�beM�b

gn+1
Q�Vux0Q^|^cdMTf�cutuQSt.��UBckb8iBQSUgt�beM�b

gn xBb�cdigigbYQSMTQ�WlV�xBQSO[_TQSM`iBQ{Q^]s_6VXa^bYcdMTQ	VXWeWYQ�fobqpHQSUBQSM�a}Q

−(s −
c

2
)gn+1

i+1
+ (1 + 2s)gn+1

i − (s +
c

2
)gn+1

i−1
= gn

i ; ·o~e®}³+<
�@�oQSh`bYf�QSM`iBQ¥|0�TQzW���Q^]s_6VXa^bYcdMTQ�VXWeWYQzfobqprQSUBQSM�a}Q��6V�j�be��fobH_�M\iBQSUgt�beMTQ{VXW:iBQSt�j:c

n + 1Q�|B�TQ\MTcdM �ujHc[xBxgbe��beWYQk|}VXWY|^cdWlVXUBQ�beW�hdVXWYcdUBQ
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i

xBQSM�a�Vy|^cdMTc[xB|^QSUBQ�VXMT|B�TQ\beWwh[VXWYcdUBQ
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�GVdxBx0VXMTf�c�VXWeWlV�MTcdi0VXa^bYcdMTQ�t�VXigUgbY|SblVXWYQ[Z=WYc�xB|0�TQSt�V 2 >54 : xgb8j�_��uU0VXj�j�UBQ^xBQSM`i0VXUBQ.MTQSW
x0QSO[_TQSMsiBQ{tuc�f�c

Agn+1 = gn ; ·o~ªµ[²+<
f�c�hRQ

A
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2
)∆t
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xB|B�TQSt�b�xBcdMTc	beM�O[U0Vdf�c�fob:��cdUgM�beUBQ¥_�M6V�xgigbet�V	f�QSWeWlV	xBcdWe_�a^bYcdMTQ�Q^x0VXigi0V�|}VXU0VXigiBQSUgbea^a�VXi0V
fTV	_�M�QSUgUBcdUBQ{|B�TQzj�_���Q^xBx0QSUBQzUBQ^xBc�j�bY|^|^cdWYcuV	j�blVd|^QSUBQ�UgbYfo_T|^QSMTf�c�beWrj6VdxBx0c	fob�fobYx0|SUBQ��
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UgbY|}VXtuQSMsiBQ[~�LNM�i0VXWYQ@|}VdxBc�xBQ

eT → 0
VXWeWYcdU0V{VXMT|0�TQ@beW�h[VXWYcdUBQmMs_�tuQSUgbY|^c�f�QSWeWlV�f�QSUgbehdVXi0V

iBQSMTf�QSU0¤Xb�MTQ^|^Q^xBx0VXUgblVXtuQSM`iBQ�V�]s_TQSWeWYc�Q^x«VXigiBc�~�©¥QSW�|}VdxBc�f�QSO[Web�xB|B�TQSt�bwMs_�tuQSUgbY|Sb�jHQSU
WYQ�Q^]`_6VXa^bYcdM�brfobqpHQSUBQSM�a^blVXWeb

eT

MTcdM�|^cdbeMT|SbYf�Q¥|^cdMkW���QSUgUBcdUBQ¥igU0V{WlV�xBcdWe_�a^bYcdMTQ¥Ms_�tuQSUgbY|}V
Q�]s_TQSWeWlV�Q^x«VXigi0Vo~
©�QSW�j6VXU0VXO[U0V���c�j�UBQ^|^Q^f�QSM`iBQ���xgi0VXiBc�h`bYxgiBc�|0�TQ
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i

xBcdMTc�b�h[VXWYcdUgbwf�QSWeWlVk��_�M�a^bYcdMTQ
g(t, x)

xBcdWe_�a^bYcdMTQ�f�QSWeWlV�Q^]`_6VXa^bYcdMTQ�|}VXt�j�bYcdMTQ[Z�tuQSM`igUBQ
gn

i

xBcdMTckbGhdVXWYcdUgb�f�QSWeWlV\��_�Mo�
a^bYcdMTQ

g(t, x)
��xBcdWe_�a^bYcdMTQ{f�QSWeW���Q^]`_6VXa^bYcdMTQ{tuc�fobq¨6|}VXi0V�|B�TQ{fobqprQSUgbYxB|^Q�fTVXWeW���Q^]`_6VXa^bYcdMTQ

|}VXt�j�bYcdMTQ�jHQSU
eT

b@|S_�b@iBQSUgt�beM�b¯fobejHQSMTf�cdMTc¬fTV
∆x
Q

∆t
~ >�U0V

gn
i

Q
gn

i

xgbnj�_��
f�Q�¨TM�beUBQ�_�M�QSUgUBcdUBQ¥|B�TQ�VXMT|B�TQzxBQ �¯WYQSOsVXiBc�Vdf

eT

MTcdM�|^cdbeMT|SbYf�Qz|^cdM
eT

~ : b:f�Q�¨TM�bYx0|^Q
W���QSUgUBcdUBQ�Ms_�tuQSUgbY|^c

εn
i

f�QSWeWlV�xBcdWe_�a^bYcdMTQzM`_�tuQSUgbY|^cuMTQSWrj�_�M`igb
xi

VXWriBQSt�j:c
n∆t

|^cdtuQ

εn
i = gn

i − gn
i ; ·o~ªµ[°+<

: Q�j:QSU
∆x
Z
∆t → 0

xgb��6V
|εn

i | → 0
VXWeWYcdU0V�WlV�xBcdWe_�a^bYcdMTQ�f�QSWeWYcyxB|B�TQSt�Vy|^cdMshRQSUgORQ

VXWeWlV�xBcdWe_�a^bYcdMTQ{Q^x0VXigi0VuQzWYcuxB|B�TQSt�Vu��f�QSigiBcu|^cdMshRQSUgORQSM`iBQ[~
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eT

iBQSMTf�Q¡V¬a}QSUBc¬jHQSU
∆t
Z

∆x → 0
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VXWeW���QSUgUBcdUBQ¡fob¯igUBcdMT|}VXtuQSM`iBc�Q�|^cdtuQ¡]s_TQ^xBiBc¬QSUgUBcdUBQyQShRcdWehRQyj6VdxBxBc�f�cdjHc�j6VdxBxBc�MTQSW
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f�QSO[WebrxB|B�TQSt�b

M`_�tuQSUgbY|Sb<VXM6VXWebea^a�VXigb<��fTVXi0V�fTV�_�M6V	UBQSWlVXa^bYcdMTQ.f�QSW�igbej:c

gn+1 = Lgn ; ·o~ªµ[¶+<

f�c�hRQ
L
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c
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WlV�x0QSO[_TQSMsiBQ{WYQSO[ORQ
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f�c�hRQ
C
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eT

�¡beW�hRQSigiBcdUBQ
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fobGigUBcdMT|}VXtuQSM`iBcyVXWGj6VdxBxBc
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jHQSU
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Z
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c�|^|^cdUgUBQ¬|B�TQ�WYc�x0|B�TQSt�V�xBblV�|^cdMshRQSUgORQSMsiBQPQ�|B�TQ¬WYc
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