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EGFIHKJLFMHONPFMNRQTS5U�VWJXQ�Y[Z\S^]_JL`1J	NXFaJ	bCNPF^U�cOSMNPVdY=QTS5U�Vfe�ZCNPg�FMY[hiJ	QTSkjlY[ZCY[V�cOSaJLFMYmJL`\`\Z1JO]nY[ZCbCNFMYXhoY[`CN�Q�NPFMNPp_SMY?`\S^e�SMHCqdYrQ�Y[F^FaJsJLVWJLF^SMb\S�VtU�hoY[Z\SMHKJuS^Vv`\ZCNvQTUdHOYRU�V4Y[Z\ZCNPZCY?Q�Y[`\`CNsY[Z\ZCNPZCYVtU�hoY[Z\SMHONwH1qdYuQTS^e7Y[VdQ�YxQdJLFyeWJPbCbCNzQTSyQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY_|�E}V�eWJLZ\`\SMHONPFaJLZCY_~�S^F�]_JLFMNPZCYYOb1JL`\`CN	Q�Y[F^FaJRQ�Y[Z\S^]_JL`1JXNRQ�Y[F^FaJ	bCNPF^U�cOSMNPVdY

g
Q�Y[FIe�ZCNPg�FMY[hiJRQTSkj7Y[ZCY[V�cOSaJLFMY/QTSkjlY[Z\SMbCHOY/QdJ

� UdY[F^FMNoHKJLFMHONPFaJL`CNoVtU�hoY[Z\SMHKJLhoY[Vt`CY g
e7Y[Z8F���Y[Z\ZCNPZCY#VvU�hoY[Z\SMHON

εn
|

g − g = εn ��� |^�{�
� UdYOb\`CN�Y[Z\ZCNPZCY�e�Ud��YObCbCY[ZCY�Z\SMQ�NP`\`CN�~�Z\SMQTUdHOY[VdQ�N�S^F=eWJPb1bCN�QTSmQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY&Q�Y[FhoY[`CNvQ�NrVvU�hoY[Z\SMHONoU�`\S^F^S^cOc{JL`CN�~d�dVdNiJRZ1JLp_p_S^U�V�pnY[ZCY#S^F�F^S^]nY[F^FMNiQTS�Y[Z\ZCNPZCY#Q�YOb\SMQ�Y[Z1JL`CN�|

EGV�pnY[VdY[Z1JLFMY_~ � UWJLVdQ�N4b\S8Z\SMbCNPF^]nY�U�V�e�ZCNPg�FMY[hiJwQTSkjlY[ZCY[V�cOSaJLFMY�N4b\S�HKJLFMHONPFaJ4U�VWJQ�Y[Z\S^]PJL`1JzHONPV�U�V�hoY[`CN�Q�NzVtU�hoY[Z\SMHON4VdNPV�bCSyHONPVdN_b1HOYsFaJ�b1NPF^U�cOSMNPVdYxYOb1JL`\`1JzY_~�e7Y[Z��`1JLVt`CN�~Te7Y[Z � UWJLVt`\Sk�WHKJLZCY/F���Y[Z\ZCNPZCY/VvU�hoY[Z\SMHONo��VdYOHOYObCb1JLZ\SMN?HKJLFMHONPFaJLZCY/U�VWJRb\`\S^hiJRQ�Y[F^FaJbCNPF^U�cOSMNPVdYXYOb1JL`\`1JT|8��b\SMb\`CYmU�V�e�ZCNvHOYOQTS^hoY[Vv`CNuH1qdY#e7Y[Z\hoY[`\`CYXQTS�HKJLFMHONPFaJLZCYXU�VWJib\`\S^hiJQ�Y[F^FaJsbCNPF^U�cOSMNPVdY?YOb1JL`\`1JuU�`\S^F^S^cOc{JLVdQ�NsFMY?bCNPF^U�cOSMNPV�S�VtU�hoY[Z\SMH1qdYoNP`\`CY[VtU�`CYoQdJLF^FaJub\`CYOb1b1J� NPZ\h	U�FaJ�JLF^FMYuQTSkjlY[ZCY[V�c{J�N�QdJLF^FMN�bC`CYObCbCN�b1HCqdY[hiJ�QTS�S^Vv`CY[p_Z1JLcOSMNPVdYxHONPV�eWJPb1b\S�QTS�QTSk�bCH[ZCY[`\S^cOc{JLcOSMNPVdY�QTSkjlY[ZCY[Vt`\S�| � UdYOb\`CN�e�ZCNvHOYOQTS^hoY[Vv`CN�e�ZCY[VdQ�Y�S^FnVdNPhoY�QTSvYOb\`\Z1JLeINPFaJLcOSMNPVdYJLF^FaJr��SMH1qWJLZCQ�bCNPV�|
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g(x)

¨ Y�b\STHONPVdb\SMQ�Y[Z1J�FaJ�Q�Y[Z\S^]_JL`1J=QTSvU�VWJ � U�V�cOSMNPVdY�Q�Y[F^FaJ�bCNPFaJ�]PJLZ\SaJLg�S^FMY�S^VdQTS^e7Y[VdQ�Y[Vt`CY � e7Y[ZYObCY[hre�SMN
x
�8NfU�V�e�ZCNPg�FMY[hiJuQTSkjlY[ZCY[V�cOSaJLFMYrJLF^FMYRQ�Y[Z\S^]_JL`CYRNPZCQTS^VWJLZ\SMY_~�JLF^FMNPZ1JiS^FD]PJLFMNPZCY

g
NP`\`CY[VtU�`CN�JL`\`\Z1JO]nY[ZCbCN�U�VWJ � NPZ\hXU�FaJ�JLF^FMYiQTSkjlY[ZCY[V�cKYiN�JL`\`\Z1JK]nY[ZCbCN�U�VdN�bCHCqdY[hiJ�QTSS^Vt`CY[p_Z1JLcOSMNPVdY�VtU�hoY[Z\SMHKJ&S^V�U�V�e�U�Vt`CNw�WbCb1JL`CN

x
QTSkjlY[Z\S^Z1©4QdJ � UdY[F^FMNwYOb1JL`\`CN g

e7Y[Z
�{ª]nY[ZK«��_|^�#¬�UdY_~W­_®o¯�JK°s­_±_±_²x�K³T« � ª�«´­nªfµ/±_­_±_±
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F���Y[Z\ZCNPZCY
εn
HCqdY_~�S^V�pnY[VdY[Z1JLFMYXb\Sle�Ud�oYOb\e�Z\S^hoY[ZCY#HONPhoY

εn =
∞∑

i=n

ki(∆x)i ��� |´­n�

Q�N{]nY
n
�XF���NPZCQTS^VdY � NPZ\hiJLFMY	Q�Y[F^FaJ � NPZ\hXU�FaJsJLF^FMYRQTSkj7Y[ZCY[V�cKY?NuQ�Y[F^FMNfbCH1qdY[hiJfVtU�hoY[Z\Sk�HON�U�`\S^F^S^cOc{JL`CN�~

ki
S^F�HONvY��iH[SMY[Vv`CYfQ�Y[F^F�� Sk�GYOb\S^hoN�`CY[Z\hrS^VdYuQ�Y[F^F���Y[Z\ZCNPZCY_~

∆x
S^F�eWJPbCbCN�QTSQTSMb1H[ZCY[`\S^cOc{JLcOSMNPVdYfU�`\S^F^S^cOc{JL`CNzQdJLF�hoY[`CNvQ�N�VtU�hoY[Z\SMHON�|���SaJPbCH[U�V `CY[Z\hrS^VdYfQ�Y[F^F���Y[Z\ZCNPZCYVvU�hoY[Z\SMHON&`CY[VdQ�YzJ4cKY[ZCN&eIY[Z

∆x → 0
~y`\U�`\`1JO]�SaJwS�`CY[Z\hrS^V�S=HONPV

i > n
`CY[VdQ�NPVdNJ�cKY[ZCNwe�S���Z1JLe�SMQdJLhoY[Vt`CY�Q�Y[F8`CY[Z\hrS^VdY�HONPV

i = n
|���Y[Z\`1JLVt`CN�~8e7Y[Zr]PJLFMNPZ\S�QTS

∆xbCU��iH[SMY[Vt`CY[hoY[Vt`CY	e�SMHOHONPF^SDbCS�JO]�Z1©?HCqdY

|kn(∆x)n| >>

∣
∣
∣
∣
∣
∣

∞∑

i=n+1

ki(∆x)i

∣
∣
∣
∣
∣
∣

��� |´®n�

N{]v]nY[ZCN/S^F�e�Z\S^hoN/`CY[Z\hrS^VdY8Q�Y[F^F���Y[Z\ZCNPZCY � NPZ\V�S^Z1©=U�VoHONPVv`\Z\S^g�U�`CNme�ZCYOQ�NPhrS^VWJLVt`CY�Z\SMb\eIY[`\`CNJ � UdY[F^FMN � NPZ\V�S^`CNsQdJLF^FaJfb1NPhrhiJiQTS�`\U�`\`\S�p_F^S�JLF^`\Z\S�`CY[Z\hrS^V�S�| � UWJLVdQ�NsH[SM�sb\S�]nY[Z\Sk�WHKJT~JLF^FMNPZ1J4FaJzHONPVt]nY[Z\pnY[V�c{J
g → g

�xQ�Y[`\`1JwJPb\S^Vt`CNP`\SMHKJwYOQ�F�� S^Vt`CY[ZCNwY[Z\ZCNPZCY�e�Ud�wYObCbCY[ZCYJLe�e�ZCN_b1b\S^hiJL`CNoQdJLF�e�Z\S^hoNr`CY[Z\hrS^VdY	QTS�Y[Z\ZCNPZCY_|

εn =
∞∑

i=n

ki(∆x)i ≈ kn(∆x)n ��� | �v�

��Y[Z � UdYOb\`1JuZ1JLp_SMNPVdY � UdYObC`CNs`CY[Z\hrS^VdY?e�ZCY[VdQ�YrS^F�VdNPhoYrQTS�`CY[Z\hrS^VdYoQ�NPhrS^VWJLVt`CYoQ�Y[Fk�F���Y[Z\ZCNPZCYoVtU�hoY[Z\SMHON�|o���7S^hre7NPZ\`1JLVt`CYibCNP`\`CNPF^S^VdYKJLZCYiH1qdY_~�bCY
∆x

�rb\U��iH[SMY[Vv`CYoe�SMHOHONPFMNQdJiJPbCb\SMH[U�Z1JLZCYmFaJ?HONPVv]nY[Z\pnY[V�c{JfJPb\S^Vv`CNP`\SMHKJT~WH[SM�rVdNPV�b\S^p_V�Sk�WHKJrHCqdY#F���Y[Z\ZCNPZCYXb\SaJRS^V�JPb\�b1NPF^U�`CN�e�SMHOHONPFMN�| ¨ S�eIN_b1bCNPVdN�]nY[Z\Sk�WHKJLZCYub\S^`\UWJLcOSMNPV�S�eIY[Z	FMY � UWJLF^S�F���Y[Z\ZCNPZCYfVtU�hoY[Z\SMHONZ1JLp_p_S^U�V�pnY?]_JLFMNPZ\S�hoNPF^`CNse�SMHOHONPF^S�hiJfFaJfbCNPF^U�cOSMNPVdY?VtU�hoY[Z\SMHKJuVdNPV��?JLVdHONPZ1JfS^VzHONPVT�]nY[Z\pnY[V�c{J&JPb\S^Vt`CNP`\SMHKJ4N�~�]vSMHOY[]nY[ZCb JT~�b\S^`\UWJLcOSMNPV�S�Q�N{]nYsFaJzHONPVt]nY[Z\pnY[V�c{J�JPb\S^Vt`CNP`\SMHKJ4bCSZ1JLp_p_S^U�V�pnY � UWJLVdQ�NoF���Y[Z\ZCNPZCYmVtU�hoY[Z\SMHON��XJLVdHONPZ1J?hoNPF^`CNrp_Z1JLVdQ�Y_|
�DY[Z8Z1JLp_SMNPV�S�H1qdYmb1JLZ1JLV�VdNrHCq�SaJLZCY/`\Z1JRg�ZCY[]nY_~ � UWJLVdQ�Nrb\SlHKJLFMHONPFaJRVtU�hoY[Z\SMHKJLhoY[Vv`CYU�VWJuQ�Y[Z\S^]_JL`1JsNuU�V�e�ZCNPg�FMY[hiJsQTSkjlY[ZCY[V�cOSaJLFMYr�rJLUdb\e�SMHKJLg�S^FMY?U�`\S^F^S^cOc{JLZCYrU�V

∆x
b\U��r�H[SMY[Vv`CY[hoY[Vt`CYre�SMHOHONPFMNu`1JLFMY?QdJsJPbCb\SMH[U�Z1JLZCY	FaJuHONPVt]nY[Z\pnY[V�c{J�JPb\S^Vv`CNP`\SMHKJT|m¬�U�`\`1JK]vSaJT~lS^VpnY[VdY[Z1JLFMY_~vVdNPViY_�_e7N_bCb\S^g�S^FMY�HONPVdN_bCHOY[ZCY��! #"�$�%&"'$�eIY[Z � UWJLFMY�b1HOY[F^`1J#QTS ∆x

b\S�]nY[Z\Sk�WHKJmFaJHONPVv]nY[Z\pnY[V�c{JsJPb\S^Vt`CNP`\SMHKJT|�E}VdNPF^`\ZCY_~de7Y[Z�U�VWJiQ�Y[`CY[Z\hrS^VWJL`1J � NPZ\hXU�FaJuJLF^FMYXQTSkjlY[ZCY[V�cKYRNe7Y[Z�U�VRQ�Y[`CY[Z\hrS^VWJL`CN/bCH1qdY[hiJ�QTS�S^Vt`CY[p_Z1JLcOSMNPVdYyVvU�hoY[Z\SMHON/St]_JLFMNPZ\S�QTS
∆x

J8eWJLZ\`\S^ZCYyQdJLS
� UWJLF^S�b\S7hiJLV�S � YOb\`1JRFaJ?HONPVt]nY[Z\pnY[V�c{JfJPb\S^Vt`CNP`\SMHKJrQTS^e7Y[VdQ�NPVdNrQdJLF^FaJ � U�V�cOSMNPVdYmQ�Y[Z\S^]PJL`1JN=e�ZCNPg�FMY[hiJ/QTSkjlY[ZCY[V�cOSaJLFMY8HONPVdb\SMQ�Y[Z1JL`CN�| ¨ NPFMNmQdJLF^F��´JLVWJLF^SMb\SdQ�Y[F^FMYybCNPF^U�cOSMNPV�S�VvU�hoY[Z\SMHCqdYHKJLFMHONPFaJL`CY	HONPV�QTSkjlY[ZCY[Vt`\S�eWJPb1b\S�QTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY_~IY � U�S^VdQTS(�) �%�*�+-,�"'$.%/"�$ ~5�/eIN_bCbCSk�g�S^FMYy]nY[Z\Sk�WHKJLZCY�bCYyS^FT`CY[Z\hrS^VdY�Q�NPhrS^VWJLVt`CY�Q�Y[F^F���Y[Z\ZCNPZCY8VtU�hoY[Z\SMHON	��JLe�e�U�Vt`CN#Q�NPhrS^VWJL`CYY/FaJoHONPVt]nY[Z\pnY[V�c{JoQ�Y[F�]PJLFMNPZCYmVvU�hoY[Z\SMHONfJLFl]_JLFMNPZCY#YOb1JL`\`CNo�mQTS�`\S^eINoJPb\S^Vv`CNP`\SMHON�|

]nY[ZK«��_|^�X¬�UdY_~W­_®r¯zJO°x­_±_±_²x�K³T« � ª�«´­nªoµ/±_­_±_±



�����	��

����� � ���

-/.�� 2����W37¤
	u6��C¤�§�AC6�:R9!¤��
�C¤��*ACB��	¤�3I¢��W6�:�	f9�3 <	:R¤;¥O<	:R§�AC6�:R9
g(x)

¨ SDHKJLFMHONPF^S�VvU�hoY[Z\SMHKJLhoY[Vt`CY?FaJiQ�Y[Z\S^]PJL`1JfNrFaJ � U�V�cOSMNPVdYXb1NPF^U�cOSMNPVdY	Q�Y[FDe�ZCNPg�FMY[hiJiQTS � �� Y[ZCY[V�cOSaJLFMYxVdY[F�e�U�Vt`CN&bCeIYOH[Sk�WHKJL`CN4HONPV�U�VWJ � NPZ\h	U�FaJ4N4HONPV�U�V bCH1qdY[hiJzVtU�hoY[Z\SMHONQTS�NPZCQTS^VdY
n
U�`\S^F^S^cOc{JLVdQ�Nx`\ZCY?]_JLFMNPZ\S�QTSkj7Y[ZCY[Vv`\S�Q�Y[F�eWJPbCbCNsQTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY_«

∆x
~

∆x/2
Y

∆x/4
|�EGV � UdYObC`CN	hoN�Q�N?b\S7NP`\`CY[Z\Z1JLV�VdN?`\ZCY=QTSMbC`\S^Vt`CY/]_JLF^U�`1JLcOSMNPV�S�Q�Y[F5]_JLFMNPZCY

g
H[SaJPbCH[U�VWJuZCY[FaJL`\S^]PJxJPQzU�V4F^S^]nY[F^FMNxQTS�QTSMb1H[ZCY[`\S^cOc{JLcOSMNPVdYoQTSkj7Y[ZCY[Vv`CY_|rEGVzeWJLZ\`\SMHONPFaJLZCY_~S^FI]_JLFMNPZCY/NP`\`CY[VtU�`CNrHONPV

∆x � S^F7F^S^]nY[F^FMN?QTSlQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYme�S��sZ1JPQ�No��b JLZ1©XS^VdQTSMHKJL`CNHONPV
gr ~PhoY[Vt`\ZCY�HONPV gm Y

gf b1JLZ1JLV�VdN/S^VdQTSMHKJL`\S � UdY[F^F^SdNP`\`CY[VtU�`\SWZ\SMb\eIY[`\`\S^]_JLhoY[Vt`CY�HONPV
∆x/2

Y
∆x/4 � S5F^S^]nY[F^F^SlQTS7QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY/e�S��f�dV�S � |���`\S^F^S^cOc{JLVdQ�NRFMY ��� |^�{��Y ��� |´­n� ~eIY[ZyH[SaJPbCH[U�Vs]PJLFMNPZCY�VtU�hoY[Z\SMHONrNP`\`CY[VvU�`CNrb\SIe�Ud�Rb1H[Z\S^]nY[ZCY�U�VWJ	ZCY[FaJLcOSMNPVdYmHCqdY=FMY[ptJ

g
Y

g
J

εn

gr = g + Kn (∆x)n +
∞∑

i=n+1

Ki (∆x)i

gm = g + Kn

(
∆x

2

)n

+
∞∑

i=n+1

Ki

(
∆x

2

)i ��� | � �

gf = g + Kn

(
∆x

4

)n

+
∞∑

i=n+1

Ki

(
∆x

4

)i

¨ Y#b\S�b\U�e�e7NPVdY#H1qdY
∆x

b\SaJrb\U��iH[SMY[Vv`CY[hoY[Vt`CYRe�SMHOHONPFMNiQdJ?ptJLZ1JLVv`\S^ZCYXFaJoHONPVt]nY[Z\pnY[V�c{JJPb\S^Vt`CNP`\SMHKJT~WJLF^FMNPZ1JRVdY[F^FMY ��� | � ��S^Fl`CY[Z\hrS^VdYmQ�NPhrS^VWJL`CYXQ�Y[F^F���Y[Z\ZCNPZCY#b1JLZ1©	e�ZCYOQ�NPhrS^VWJLVt`CYZ\SMb\eIY[`\`CNoJLF^FaJReWJLZ\`CY#Z\S^hiJLVdY[Vt`CY#Y/e7Y[Z\`1JLVt`CNrF���Y[Z\ZCNPZCYXHCqdYmb\S�HONPhrhoY[`\`CY[Z1©?VdY[Fl`\Z1JPb1H[UT�Z1JLZCY � UdYOb\`1J�eWJLZ\`CY�Z\S^hiJLVdY[Vv`CY8Q�Y[F^F���Y[Z\ZCNPZCY8b1JLZ1©8e�SMHOHONPFMN�|���SMb1H[Z\S^]nY[VdQ�N�FMY�`\ZCY�ZCY[FaJLcOSMNPV�S
��� | � ��HONPVsb1NPFMN	S^FI`CY[Z\hrS^VdYmQ�NPhrS^VWJLVt`CYXb\SlNP`\`\SMY[VdY�U�Vxb\SMbC`CY[hiJ	QTS7`\ZCY/Y � UWJLcOSMNPV�SlVdY[F^FMY`\ZCYmS^VdHONPp_V�S^`CY

g̃
~
K̃n

Y
ñ
|

gr = g̃ + K̃n (∆x)ñ

gm = g̃ + K̃n

(
∆x

2

)ñ ��� |´²n�

gf = g̃ + K̃n

(
∆x

4

)ñ

��Y?`\ZCY � UWJLVv`\S^`1© g̃
~
K̃n

Y
ñ
bCNPVdNxb\`1JL`CYRS^VdQTSMHKJL`CY?S^VzhoNvQ�NxQTSkjlY[ZCY[Vt`CYrQdJLF^FMYoJLVWJLFMNL�p_qdY � UWJLVv`\S^`1© g

~
Kn

Y
n
H1qdYrHONPhreWJLSMNPVdNxVdY[F^FMY ��� | � � ~le7NPSMHCq �rVdY[F�eWJPbCb1JLp_p_SMNxQdJLF^FMYZCY[FaJLcOSMNPV�S ��� | � ��JLF^FMYRZCY[FaJLcOSMNPV�S ��� |´²n�=�Rb\`1JL`1JfS^Vt`\ZCN�Q�NP`\`1JuU�VWJsJLe�e�ZCN_bCb\S^hiJLcOSMNPVdY_|���Y� UWJLVv`\S^`1© g̃

~
K̃n

Y
ñ
`CY[VdQ�Y[Z1JLV�VdN�JLF^FMY

g
~
Kn

Y
n
e7Y[Z

∆x → 0
hiJfVdNPV�e7NP`\Z1JLV�VdN

� YOHOHOY[`\`CNoS^V � UWJLFMHCqdYXHKJPb1N?eWJLZ\`\SMHONPFaJLZCY{�8YObCbCY[ZCY/U�p_UWJLF^SDeIY[Z8]_JLFMNPZ\S�QTS ∆x 6= 0
|

��J�b1NPF^U�cOSMNPVdY�Q�Y[Ftb\SMbC`CY[hiJ ��� |´²n�lb\S_e�Ud��HKJLFMHONPFaJLZCY�JL`\`\Z1JK]nY[ZCbCN�FMY�b1Y[p_UdY[Vt`\S � NPZ\h	U�FMY_«

ñ =
log gr

−gm

gm
−gf

log 2

]nY[ZK«��_|^�#¬�UdY_~W­_®o¯�JK°s­_±_±_²x�K³T« � ª�«´­nªfµ/±_­_±_±
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K̃n =
(2)ñ(gm

n − gr)

(∆x)ñ [(2)ñ − 1]
��� | ª_�

g̃ = gr + K̃n (∆x)ñ

��NPSMHCq �sF���NPZCQTS^VdYsQTS8JPHOH[U�Z1JL`CY[cOc{J � NPZ\hiJLFMY
n
Q�Y[F^FaJ � NPZ\hXU�FaJ�N�Q�Y[F^FMN�bCH1qdY[hiJ�QTS�S^VT�`CY[p_Z1JLcOSMNPVdY��sVdNP`CN�~��se7N_bCb\S^g�S^FMYu]nY[Z\Sk�WHKJLZCY�bCYsFMYs`\ZCYsbCNPF^U�cOSMNPV�S�VvU�hoY[Z\SMHCqdY

gr ~ gmY
gf bCNPVdNibC`1JL`CY	NP`\`CY[VvU�`CY	S^VzHONPVdQTS^cOSMNPV�S�QTS�HONPVv]nY[Z\pnY[V�c{JsJPb\S^Vt`CNP`\SMHKJuHONPV � ZCNPVt`1JLVdQ�NF���NPZCQTS^VdY � NPZ\hiJLFMY

n
HONPVfS^F5]_JLFMNPZCY

ñ
NP`\`CY[VtU�`CN?QdJLF^FMY ��� |´²n� | ¨ Y ñ

��hoNPF^`CN	e�ZCN_bCb\S^hoN?J
n
JLF^FMNPZ1JRVdY[FleWJPbCb1JLp_p_SMNrQdJLF^FMY ��� | � ��JLF^FMY ��� |´²n���=bC`1JL`CNrHONPhrhoYObCbCN?U�Vxe�SMHOHONPFMNoY[Z\ZCNPZCYY_~ � U�S^VdQTS�~lFaJuHONPVt]nY[Z\pnY[V�c{J�Q�Y[F^FMYrbCNPF^U�cOSMNPV�S�VtU�hoY[Z\SMH1qdY gr ~ gm Y

gf JLF^FaJsbCNPF^U�cOSMNPVdYYOb JL`\`1J
g
�uQTS8`\S^e7N�JPb\S^Vv`CNP`\SMHON�|�¯zJ�bCYuFMYu`\ZCYf]_JLF^U�`1JLcOSMNPV�S8VtU�hoY[Z\SMH1qdY�bCNPVdNzb\`1JL`CYNP`\`CY[VvU�`CY�S^ViHONPVdQTS^cOSMNPV�S7QTSWHONPVv]nY[Z\pnY[V�c{J	JPb\S^Vv`CNP`\SMHKJXJLVdH1qdY�FaJ � UWJLVt`\S^`1© g̃

b1JLZ1©/hoNPF^`CNe�ZCN_b1b\S^hiJsJLF�]_JLFMNPZCYrYOb1JL`\`CN
g � HCqdY?S^VzpnY[VdY[Z1JLFMYrVdNPV4�RVdNP`CNt� | ��Y[Z\`1JLVt`CN�~DS^V � UdYOb\`CNHKJPb1N�~

g̃
�8U�VWJ#g�UdNPVWJ#b\`\S^hiJ#QTS

g
H1qdY�e�Ud�#YObCb1Y[ZCY8U�`\S^F^S^cOc{JL`1J#e7Y[Z�FaJ#bC`\S^hiJmQ�Y[F^F���Y[Z\ZCNPZCYVvU�hoY[Z\SMHONfJL`\`\Z1JK]nY[ZCbCNoFaJRZCY[FaJLcOSMNPVdY

εn = g − g ≈ g − g̃ ��� |��n�
-m.�� 2�� �59�:��WAC6�:R9;¤��xB�¤��W6¦¢RAx<	:R¤¦¥O<R:	§�AC6�:R9

g(x, t)
�DJ�bCNPF^U�cOSMNPVdYuVvU�hoY[Z\SMHKJ

g
QTSyU�VdN�Q�Y[S�`\ZCYfe�ZCNPg�FMY[hrS�QTSkj7Y[ZCY[V�cOSaJLF^S8HONPVdb\SMQ�Y[Z1JL`\SyVdY[SHKJLe�S^`CNPF^S�e�ZCYOHOYOQ�Y[Vt`\SDNP`\`CY[VvU�`1JrQdJRU�VdNrbCH1qdY[hiJ?VtU�hoY[Z\SMHONuJPHOH[U�Z1JL`CNiJLF^F���NPZCQTS^VdY

j
VdY[F`CY[hre7NrY#JLF^F���NPZCQTS^VdY

m
VdY[F^FMNrb\eWJLcOSMNo�/FMY[ptJL`1JrJLF^FaJobCNPF^U�cOSMNPVdYmYOb1JL`\`1J

g
JL`\`\Z1JK]nY[ZCbCNrFaJZCY[FaJLcOSMNPVdY

g = g + Ktj(∆t)j +
∞∑

i=j+1

Kti(∆t)i

︸ ︷︷ ︸

Errore nel tempo

+Kxm(∆x)m +
∞∑

i=m+1

Kxi(∆x)i

︸ ︷︷ ︸

Errore nello spazio

��� |´³n�

VdY[F^FaJ � UWJLFMY	bCS�e�Ud�sN_bCbCY[Z\]_JLZCYXFaJie�ZCYObCY[V�c{JuQTS�`CY[Z\hrS^V�S�QTS�Y[Z\ZCNPZCYRFMY[ptJL`\S�JLF^FaJiQTSMbCH[ZCY �`\S^cOc{JLcOSMNPVdY=VdY[F5`CY[hreINRY�VdY[F^FMNRb\eWJLcOSMN�|��=Y[F5HKJPbCN	QTS5HONPVt]nY[Z\pnY[V�c{JrJPbCS^Vt`CNP`\SMHKJT~Tb\S5Q�Y[]nYJK]nY[ZCY#HCqdY
∣
∣
∣Ktj(∆t)j

∣
∣
∣ >>

∣
∣
∣
∣
∣
∣

∞∑

i=j+1

Kti(∆t)i

∣
∣
∣
∣
∣
∣

��� |^�K±n�
|Kxm(∆x)m| >>

∣
∣
∣
∣
∣
∣

∞∑

i=m+1

Kxi(∆x)i

∣
∣
∣
∣
∣
∣

	 VdHCqdY	S^V � UdYOb\`CNfHKJPbCNi�XeIN_bCbCS^g�S^FMY#e�ZCN�HOYOQ�Y[ZCYRJLF^F���YOb\`\Z1JLe7NPFaJLcOSMNPVdYrJLF^FaJo��SMHCqWJLZCQ�bCNPV�|¬�U�`\`1JO]�SaJoYOb\SMbC`CNPVdNr`\ZCY/hoNvQTSDQTSkj7Y[ZCY[Vv`\S�QTS�HONPVdQTU�Z\ZCY#F���YObC`\Z1JLeINPFaJLcOSMNPVdY_|
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��Y[F�e�Z\S^hoN�`\S^e7N�QTS�YObC`\Z1JLeINPFaJLcOSMNPVdYfb\S�U�`\S^F^S^cOc{JLVdN�`\ZCYo]_JLF^U�`1JLcOSMNPV�S�QTSkjlY[ZCY[Vt`\SyQTS
g
HONPVweWJPbCbCNxQTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYoVdY[F^FMN�bCeWJLcOSMN�Q�YOH[ZCYObCHOY[Vt`CY � ∆x

~
∆x/2

~
∆x/4

�mYeWJPbCbCNrQTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYXVdY[F�`CY[hre7N � ∆t
��S^VWJLF^`CY[Z1JL`CN�|

gr = g + Ktj(∆t)j + Kxm(∆x)m + ..

gm = g + Ktj(∆t)j + Kxm(
∆x

2
)m + .. ��� |^�_�{�

gf = g + Ktj(∆t)j + Kxm(
∆x

4
)m + ..

¨ Y�VdY[F^FaJ ��� |^�_�{��b\S_`\Z1JPbCH[U�Z1JLVdN�Sn`CY[Z\hrS^V�SvQTStY[Z\ZCNPZCY�QTStNPZCQTS^VdY�bCU�eIY[Z\SMNPZCY�Y�b\StY jlY[`\`\UWJLVdNFMY#bCY[p_UdY[Vt`\SDbCN_b\`\S^`\U�cOSMNPV�S
g̃ = g + Ktj(∆t)j

K̃ = Kxm ��� |^�K­n�
m̃ = mb\S�NP`\`\SMY[VdYmU�V�b\SMb\`CY[hiJRSMQ�Y[Vv`\SMHONfJLF ��� |´²n� ~TFaJ?H[U�S�b1NPF^U�cOSMNPVdY#�mQdJL`1J?QdJLF^FMY ��� | ª_� |�¬�U�`��`1JO]�SaJuS^V � UdYOb\`CNuHKJPbCN g̃

VdNPV4�	U�VWJub\`\S^hiJuQ�Y[F�]_JLFMNPZCYRYOb JL`\`CN
g
~7eINPSMH1qd�

g̃
HONPVv`\SMY[VdYJLVdHCqdYrFaJfeWJLZ\`CYrQTS�Y[Z\ZCNPZCY?ZCY[FaJL`\S^]_JxJLF^FaJfQTSMb1H[ZCY[`\S^cOc{JLcOSMNPVdYoVdY[F�`CY[hreIN�| � UdYOb\`CNs`\S^e7NQTS�YOb\`\Z1JLe7NPFaJLcOSMNPVdYueIY[Z\hoY[`\`CYuQTS�bC`\S^hiJLZCYibCNPFMN�FaJxeWJLZ\`CYuQ�Y[F^F���Y[Z\ZCNPZCYuFMY[ptJL`1J�JLF^FaJ�QTSk�bCH[ZCY[`\S^cOc{JLcOSMNPVdYmVdY[F^FMNrb\eWJLcOSMN�~ThiJRVdNPVxe�Ud� � NPZ\V�S^ZCY=U�VWJ?b\`\S^hiJ?Q�Y[F^F���Y[Z\ZCNPZCYmVtU�hoY[Z\SMHONp_FMNPgWJLFMY_|�E}VdNPF^`\ZCY_~ � UdYOb\`1JiJLVWJLF^SMb\Sl]nY[Z\Sk�WHKJ?F���NPZCQTS^VdYXQTS�JPHOH[U�Z1JL`CY[cOc{JoVdY[F�`CY[hre7NrYmQ�Y �`CY[Z\hrS^VWJ	J#eWJLZ\`\S^ZCY�QdJ � UWJLF^S5]PJLFMNPZ\S7QTS ∆x

b\SW]nY[Z\Sk�WHKJXFaJ#HONPVv]nY[Z\pnY[V�c{J?JPb\S^Vt`CNP`\SMHKJ	e7Y[ZFaJ?eWJLZ\`CY#QTS�Y[Z\ZCNPZCYmFMY[ptJL`CNiJLF^FaJoQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYXVdY[F^FMNib\eWJLcOSMN�|EGF�b1YOHONPVdQ�NoHKJPbCNr�XJLVWJLFMNPpnNiJLF�e�Z\S^hoNoHKJPbCN�~TS^V � UWJLVt`CNobCSlU�`\S^F^S^cOc{JLVdNo`\ZCY/]_JLF^U�`1J �cOSMNPV�S�QTS
g
NP`\`CY[VvU�`CY#Z\SMQTUdHOY[VdQ�NoS^F�eWJPbCbCNrQTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYXVdY[F�`CY[hre7N � ∆t

~
∆t/2Y

∆t/4
��Y�FaJPbCH[SaJLVdQ�NXS^VWJLF^`CY[Z1JL`CNXS^F5eWJPbCbCN#QTSIQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY�VdY[F^FMN	b\eWJLcOSMN � ∆x

� |�EGV
� UdYOb\`CNrHKJPb1Nob\S�NP`\`\SMY[VdYmU�V�bCSMb\`CY[hiJ?b\S^hrS^FMYXJLF ��� |´²n�

gr = g̃ + K̃(∆t)j̃

gm = g̃ + K̃(
∆t

2
)j̃ ��� |^�K®n�

gf = g̃ + K̃(
∆t

4
)j̃

Q�NK]nY
g̃
Y_�_U�VWJmb\`\S^hiJmQ�Y[F^FaJXbCNPhrhiJmQ�Y[F^FaJXbCNPF^U�cOSMNPVdY�YOb1JL`\`1J/e�S��fF���Y[Z\ZCNPZCY8ZCY[FaJL`\S^]nN	JLF^FaJQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYfbCeWJLcOSaJLFMY_~DhoY[Vv`\ZCY

j̃
�rU�VWJ�bC`\S^hiJxQ�Y[F�NPZCQTS^VdYfQTS�JPHOH[U�Z1JL`CY[cOc{J�VdY[F`CY[hreINoQ�Y[F^FMNibCHCqdY[hiJ?VvU�hoY[Z\SMHON�|EGF�`CY[Z\cKNo`\S^e7NoQTS�YOb\`\Z1JLe7NPFaJLcOSMNPVdYX� � UdY[F^FMNoe�S���S^Vt`CY[ZCYObCb1JLVv`CYXe7NPSMHCq �XeIY[Z\hoY[`\`CY	QTS]PJLF^U�`1JLZCYiFaJxb\`\S^hiJ�Q�Y[F^F���Y[Z\ZCNPZCYiVtU�hoY[Z\SMHON�p_FMNPgWJLFMY_|sEGV � UdYOb\`CN�HKJPb1N�b\S�HONPVdb\SMQ�Y[Z1JLVdN]PJLF^U�`1JLcOSMNPV�S�VvU�hoY[Z\SMHCqdY�NP`\`CY[VvU�`CYxZ\SMQTUdHOY[VdQ�Nwb\SaJ�S^F8eWJPbCb1N�QTS8QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY�VdY[F`CY[hreINoH1qdY � UdY[F^FMNrVdY[F^FMNob\eWJLcOSMN?S^V�hoN�Q�NrQdJ?Z\SMb\e7Y[`\`1JLZCYmFaJ?bCY[p_UdY[Vv`CY#ZCY[FaJLcOSMNPVdY

(∆t)j

(∆x)m
= A ��� |^���v�
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YOb1bCY[VdQ�N
A
U�VWJRHON_b\`1JLVv`CY_|�E}VieWJLZ\`\SMHONPFaJLZCYmbCY=b\S5HONPVdbCSMQ�Y[Z1J	b1Y[p_UdY[Vt`\SlS7bCY[p_UdY[Vt`\S7eWJPbCb\SQTS�QTSMb1H[ZCY[`\S^cOc{JLcOSMNPVdY	b\eWJLcOSaJLFMY

∆x;
∆x

2
;

∆x

4JPQsYObCbCS7Q�N{]vZ1JLV�VdNiYObCbCY[ZCYmJPbCbCN�H[SaJL`\S7S7b1Y[p_UdY[Vt`\S�eWJPbCbCS7QTSlQTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdYX`CY[hreINPZ1JLFMY

∆t;
∆t

2m/j
;

∆t

4m/j

�DNPSMH1qd�/`\Z1J
∆x

Y
∆t

YOb\SMbC`CY�FaJXZCY[FaJLcOSMNPVdY ��� |^���v��JLF^FMNPZ1J	FaJ ��� |´³n��b\SWe�Ud�	Z\SMbCH[Z\S^]nY[ZCYHONPhoY
g = g + Ktj(A)1/j(∆x)m + Kxm(∆x)m + .. = g + Km(∆x)m + .. ��� |^� � �

JK]nY[VdQ�N�e7N_b\`CN
Km = Ktj(A)1/j+Kxm

| ��Y[Z\`1JLVt`CNmQdJLF^FMY�`\ZCY�]_JLF^U�`1JLcOSMNPV�SvVvU�hoY[Z\SMHCqdYNP`\`CY[VvU�`CYXHONPV�S�b1Y[p_UdY[Vt`\S�eWJPb1b\S�QTS�QTSMbCH[ZCY[`\S^cOc{JLcOSMNPVdY
(∆x,∆t) → gr

(
∆x

2
,

∆t

2m/j

)

→ gm

(
∆x

4
,

∆t

4m/j

)

→ gf

bCS�NP`\`\SMY[VdYmS^F�bCY[p_UdY[Vv`CY#b\SMb\`CY[hiJ
gr = g̃ + K̃m(∆x)m̃

gm = g̃ + K̃m(
∆x

2
)m̃ ��� |^�K²n�

gf = g̃ + K̃m(
∆x

4
)m̃

Q�N{]nY�S^V � UdYObC`CN�HKJPbCN g̃
��U�VWJ�b\`\S^hiJ�Q�Y[F^FaJ�bCNPF^U�cOSMNPVdY�YOb JL`\`1J�HCqdY�e�Ud��YOb1bCY[ZCY�U�`\S^F^S^cOc{JL`1Je7Y[Z�Q�Y[`CY[Z\hrS^VWJLZCY#FaJob\`\S^hiJ?Q�Y[F^F���Y[Z\ZCNPZCY#VvU�hoY[Z\SMHONip_FMNPgWJLFMY_|
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